Surface remeshing aims to produce a high-quality mesh from a given input mesh. In this paper, we present a practical approach to isotropic surface remeshing of triangular meshes in an as-equilateral-as-possible (AEAP) manner. The proposed approach iterates in a two-step manner. In the first step, we optimize the mesh connectivity to reduce the number of irregular vertices. And in the second step, we improve the elements' shape by locally fitting an equilateral triangle separately and globally stitching them to a new mesh with feature constraints. The proposed approach can be effectively used in preprocessing for finite element computations. Experiments are presented to show that our approach is simple and robust, and the remeshed results generate more well-shaped triangles and preserve the features of the original surface, which are favored in many applications.
Introduction
The triangular mesh has been commonly used in mechanical engineering, medical imagery, virtual reality and many computer graphics applications, as it is simple, flexible and widely supported by graphics hardware (Payan, et al., 2014) . However, many triangular meshes acquired by modern scanning devices usually are considered as low quality (many skinny triangles), as shown in Fig. 1(a) , which seriously affects mesh's application in many fields. For instance, in finite element analysis, the high-quality mesh (equilateral triangle) is in favor of improving the accuracy of the numerical results and the efficiency of the numerical simulation (Vartziotis, et al., 2013) . Thus, these meshes need to undergo a further process which is commonly known as remeshing in order to improve the mesh quality (Alliez, et al., 2007) , as shown in Fig. 1 Alliez, et al, (2007) propose the definition of remeshing as follows: "Given a 3D triangular mesh, compute another mesh, whose elements satisfy some quality requirements, while approximation the input acceptably." Quality requirements refer to many properties, such as regularity, size, and shape of the mesh elements. In this paper, we focus our approach on improving the triangle to be well-shaped (close to equilateral) which is also called isotropic surface remeshing. In general, the goal of isotropic surface remeshing is to obtain a new mesh with all equilateral triangles as much as possible while maintaining the geometric shapes and features of original mesh, as shown in Fig. 1 . Furthermore, an optimal remeshing approach should satisfy fast, robust and effective to handle arbitrary meshes (Fuhrmann, et al., 2010 , Chen, et al., 2012 . However, current remeshing approaches still do not fulfill all of the fundamental requirements.
In this paper, we therefore present a novel isotropic surface remeshing approach inspired by recent work on planar As-Rigid-As-Possible (ARAP) parametrization problem (Lipman, 2012; Liu, et al., 2008; Sorkine, et al., 2007) . We formulate the remeshing problem as an optimization problem involving both local and global elements. Firstly, we search for local transformations which minimize the distortion between each 3D triangle and its closest equilateral triangle, yet require that they all stitch together to a consistent 3D surface mesh. We call our remeshing approach As-Equilateral-As-Possible manner (AEAP for short). Our approach meets all these fundamental requirements and has several desired advantages in comparison with currently remeshing approaches. In particular, our approach utilizes a direct remeshing method and does not depend on any parametrization which would cause the metric distortions. Our approach is fast because the remeshing process involves a linear sparse system. Our approach is accurate because we introduce geometric constraints to preserve the original shapes and features during remeshing. Our contributions could be summarized as follows. Firstly, the proposed as-equilateral-as-possible remeshing is an extension of planar ARAP parametrization to 3D surface remeshing. Secondly, the proposed two-step iterative remeshing framework is able to generate high-quality mesh with shapes and features preserved.
The rest of the paper is organized as follows: In Section 2, we review related literatures about isotropic surface remeshing. In Section 3, we give our definition of AEAP manner for improving the quality of triangles. In Section 4, we iterate a two-step algorithm to remesh triangular meshes for minimizing the AEAP energy. In Section 5, we present several experiment results to show our method simple, robust and is able to generate high-quality meshes. In the last, we conclude and discuss future work.
Related work
In the past decade, surface remeshing methods have been studied extensively, and the book by Botsch, et al. (2010) gives some discussions about surface remeshing to fill specific requirements. We confine our approach to unstructured isotropic remeshing methods. We follow the categories of Chen et al. (2012) which depend on whether the elements are directly optimized on the surface. The remeshing approaches are classified into two categories, i.e., indirect remeshing approaches and direct remeshing approaches.
In the indirect remeshing approaches, the 3D surface remeshing problem could be easily solved in the 2D parametric domain by global or local parameterization Fuhrmann, et al., 2010; Surazhsky, et al., 2003) . In the planar domain, the Centroidal Voronoi Tessellation (CVT) whose vertices are the centroids of their corresponding Voronoi cells (Du, et al., 1999) is firstly created by the Lloyd relaxation (Lloyd, 1982) , and its dual which is all equilateral triangles theoretically. Then the equilateral triangles are mapped back to the original surface. For indirect remeshing approaches, one main drawback is difficult to avoid the metric distortion caused by parameterization. Furthermore, some meshes with extremely low quality triangles (degenerate triangles) maybe fail to be parameterized.
In the direct remeshing approaches, the vertex insertion/deletion or relocation operation is directly performed on the surface. Delaunay refinement is a common remeshing method and flexible enough isotropic surface remeshing (Dey, et al., 2010a; Dey, et al., 2010b) . This algorithm iteratively preforms refining and filtering a 3D Delaunay triangulation. In the refining step, one point taken on the original surface is inserted into the triangulation, and then the point's location is chosen among the intersections of the original surface with the Voronoi edges of the triangulation. In the filtering step, the Delaunay triangulation is updated by restricting to the original surface. The main advantages of these methods are that remeshed results are guaranteed there are no self-intersect or flip-over triangles, which is often neglected by other remeshing methods. However, the results may suffer from more vertices and lower quality, especially while the original mesh contains many small features. Another effective approach casts the remeshing problem as one of minimizing the energy functional whose solver performs global relaxation. Chen et al. (2012) develop a novel method based on Constrained Centroidal Delaunay Mesh (CCDM), which is a generalization of Centroidal Patch Triangulation (CPT) (Chen, et al., 2011 ) from 2D to 3D surface mesh. It optimizes the CPT energy by relocating the vertices to the centroid of the corresponding 1-ring neighbor patch. And to avoid local minimum, it applies an effective global optimization algorithm "simulated annealing method" which is generally computationally expensive. Pecanha et al. (2014) combine local operation with global relaxation to obtain edge lengths which are as close as possible to a target value. However, the threshold length is not easy to choose, and the method guarantees its functionality only when the desired edge length is very close to the average of the initial mesh. Lipman (2012) casts remeshing of 2D planar domain into planar mapping problem. Conceptually, our approach is an extension of this approach as they minimize the distortion between each triangle of the original mesh and its local closest equilateral triangle in the planar domain. Furthermore, our approach can produce higher quality meshes due to the two-step iterate remeshing framework.
As-equilateral-as-possible manner
If each 3D triangle (as shown in Fig. 2(a) ) is required to be transformed into equilateral triangle on the surface independently of the other triangles, this would certainly be easy as shown in Fig. 2(b) . However, requiring all the equilateral triangles fit together into one coherent mesh with original geometric shapes and features is a main challenge as shown in Fig. 2 (c). Obviously, some of the triangles are going to be deformed during this process, and if the deformation makes the original triangle to be close to equilateral triangle, it does not count as deformation. Thus, the deformation transforms each triangle as equilateral as possible. And obviously, there is a local transformation matrix between these two triangles. Our goal is to find a piecewise linear mapping from the 3D mesh to a new 3D mesh with well-shaped triangles. For triangle t, we denote its mapped result as ′ = ( 1′ − 0′ 2′ − 0′ ). Given this step, the mapping between and ′ has an associated 3 × 3 Jacobian matrix ( ′ ) which depends on ′ . However, in 3D case, with each original triangle and its piecewise linear mapping result ′ , it is non-trivial to calculate a unique Jacobian matrix. In order to solve this problem, we use pseudo-inverse of a matrix which is a generalization of arbitrary matrices to the inverse of a square invertible matrix. The pseudo-inverse has an important property, which is that if a given × matrix A is full column rank, meaning rank(A) = n ≤ m, that is, is not singular, then † is a left inverse of A, in the sense that † = . We have the closed-form expression † = ( ) − . With the help of the pseudo-inverse, we can easily calculate the Jacobian matrix between these two triangles. We define the AEAP energy of the piecewise mapped coordinates ′ and the local linear transformation group = { 1 , … , } to be
Where ‖•‖ is the Frobenius norm. t is the triangle number and T is the total number of triangles.
is the triangle mesh.
′ ∈ denotes the new vertices are restricted on the original surface. To solve the minimization of AEAP energy, we apply a two-step algorithm by separating variables of the transformation group and the mapping result coordinates ′ . First is local step to calculate each triangle's local transformation . And second is global step to calculate the new coordinates ′ with constraints.
Local step
For a 3D triangle t like Fig. 3(b) , we could find its local closest equilateral triangle by rotating and scaling a unit equilateral triangle (the length of edge is 1, as shown in Fig. 3(a) ). There is a 3×3 transformation matrix between and , such as
According to the matrix properties, the matrix includes the deformation and rotation from to . The rotation is the optimal rotation for the unit equilateral triangle , as shown in Fig. 3(c) , the equilateral has been rotated by . After obtaining the transformation matrix by the pseudo-inverse, the rotation could be solved by polar decomposition (Sorkine, et al., 2007) , which is matrix decomposition and its form is given as = • , where is the rotation matrix, and is symmetric matrices describing the deformations. We can derive = from the singular value decomposition of the transformation matrix . The area of the equilateral triangle is restricted to be the same as the area of its corresponding 3D triangle. Thus, it is easy to solve the scaling , then the local closest equilateral triangle could be obtained by = • • , as shown in Fig. 3(d) . With the help of the pseudo-inverse of , the local transformation matrix could be solved by = • † .
Global step
After we calculate each local equilateral triangle, we need to stitch them into a coherent surface mesh by minimizing the Eq. rewritten in terms of the mesh vertex coordinates as follow
The minimum new vertex coordinates can be found by setting the gradients of Eq. (2) 
Constraints for vertices
Note, of course, that this system of equations must be solved subject to the constraints, which in this case fix the features vertices of the original mesh, such as corner vertices, we give a linear constraint ∑ | ′ − | 2 ∈ , { = ( , , )| }, and = { 1 , 2 , … , } is the set of indices of the corner points. Especially, if the original mesh is generated from CAD systems which use a Boundary Representation, more information is available for the linear constraints, such as co-planar constraints restricting surface vertices to their respective surfaces. For instance, assume the plane ( , , ) = + + + = 0, , where P is a set of indices of vertices which are constrained to lie on a plane. Thus, the sparse linear system = with linear constraints could be rewritten as [ ] = , where C is a n × n matrix determined by all the vertex constraints. The positions of the vertices can be found by solving the sparse linear system.
Algorithm for AEAP remeshing
The input of our remeshing algorithm is an orientable 2-manifold triangular surface mesh . The output is a high quality mesh with the same geometric features and shapes as the input. The proposed algorithm starts with an initial mesh ′ with desired number of vertices, and then to improve the mesh quality by iteratively implementing a two-step manner including a connectivity optimization to reduce the number of irregular vertices and AEAP manner to improve the triangle shape with constraints. We present a pipeline of our remeshing algorithm in Fig. 4 . 
Initialization
In computer graphic applications, users usually expect the remeshed results have user-defined number of vertices, and the vertices' distribution on adapt to the prescribed density function ∅( ). Firstly, the desired amount of vertices are sampled following function ∅( ), which could be any positive function given by user. We use the function ∅( ) = √| | + 2 proposed by Chen et al. (2012) which considers both Gaussian curvature K and the mean curvature H of mesh . Thus it could distribute more vertices in high curvature regions. Then, these sampling vertices need to be connected to an initial triangle mesh. There are many reconstruction methods that could be used to achieve this goal. We use a more efficient method proposed by Fuhrmann et al. (2010) . This method firstly inserts sampling vertices on the surface mesh to create a mutual tessellation (Turk, 1992) , and then the original vertices of are deleted. During the construction, the feature edges which are detected by small dihedral angles (40° in this paper) are preserved by fixing them. The vertices on these features and their corresponding feature edges are stored in an individual list to be convenient for processing the features in the next step (AEAP manner). The corner vertices which are the intersections of feature edges are fixed during the whole remeshing process.
Connectivity optimization
The reconstructed result is a valid triangle mesh ′ , and some vertices with arbitrary valences must be further processed. We fix the location of vertices and apply a simple way to correct the valence of the vertex called edge-flip operation which is a common operation in mesh processing, as shown in Fig. 5(a) . As shown in Fig. 5(a) , we check the four vertices' valences. If the valences of the four vertices become near to ideal valence after edge-flip operation, the flipped edge is accepted, otherwise the operation is undone. The algorithm of edge-flip operation is given in Fig. 5(b) . To avoid checking each edge at iteration, a flip-edge list is built for storing the edges which don't satisfy the above condition. Thus, only a few edges need to be flipped, which can speed up the connectivity optimization processing.
Implementing AEAP manner
For each triangle of the mesh, the local transformation matrix is firstly computed following the local step (described in Section 3.1). Then, the energy ( ′ , ) could be solved by fixing the local transformation matrix. The gradient of Eq. (2) is setting to zero, and it could be rewritten in terms of the mesh vertex coordinates as follow:
where n is the total number of vertices. In the Eq. (3), the only unknown is the new vertex coordinates which is easily solved.
After obtaining the new coordinates, further process is needed to restrict the new vertices back on the original mesh. A naive approach is to project the new vertices onto all of the faces of the input mesh with the minimal distance (Hoppe, et al., 1993) , which may produce some fold-overs triangles if the points are too far away from the surface. However, in practice the projection operator can be stabilized by constraining the movement of the points on their tangent planes (Remacle, et al., 2012; Shepherd, et al., 2010) . Although no theoretical guarantees can be provided, this makes sure that the points do not move too far away from the surface, such that the projection can be safely evaluated.
Following the projection operation, we need to find the nearest points between two sets (the new vertices and the original mesh). It is a high complexity computational problem (Botsch, et al., 2010) . We speed up the projection by the data structure KD-Tree. Each new vertex firstly finds a nearest vertex on the original surface, and then find the nearest corresponding point by minimum distance over the components (vertices, edges or faces) around the nearest vertices. For the corner vertices, they are fixed during solving the Eq. (3) and projection process. For the feature vertices, they are projected onto their corresponding feature lines of original mesh which are detected by small dihedral angles or other more sophisticated feature extracting methods. Thus, the features are preserved during remeshing.
Experimental results
In this section, we show several results of our method, and then we discuss limitations of our method. We implement our algorithm in C++ and ran it on a computer with a 2.90 GHz AMD processor and 4GB memory. We used OpenMesh (Botsch, et al., 2002) for handling the mesh connectivity and Eigen library (Guennebaud, 2010) for solving the sparse linear system. This method has been applied to remesh a variety of triangular surface meshes with diverse characteristics and compared with other relevant methods. We apply the Joint mesh which is resampled from 220 to 6K vertices as an example to demonstrate the two parts of the proposed method mutual promotion, and interleaving these two parts could generate high quality mesh. As shown in Fig. 6(a) , the Joint mesh is optimized with 50 iterations of vertex relocation, and the Fig. 6 (b) describes the mesh quality (average minimum angle and minimum angle) with different iterations. The blue curve describes the average minimum angle, and it converges very soon and increases little after the first 5 iterations. The convergent value (46°) shows it tends to get stuck at a poor minimum very soon because of the poor mesh's structure. The red curve describes the minimum angle. In our method, we do not consider it as the optimization criterion. Though the minimum angle increases during optimizing, it is difficult to converge to an optimal value. We perform the algorithm iteratively by interleaving the connectivity optimization and AEAP manner. As shown in Fig. 7(a) , the result is obtained by the algorithm after 50 iterations. The remeshed surface in Fig. 7(a) is visually much more regular than the vertex relocation result in Fig. 6(a) . The blue curve describes the average minimum angle of the mesh is greater than 52° after 20 iterations In Fig. 7(b) , and the red curve describes the minimum angle is improved higher than the result in Fig. 7(b) .
The example shown in Fig.8 is a uniform remeshing of a CAD model (Fandisk). The input mesh in Fig. 8 (a) has many nearly degenerate triangles, which is a challenge to be remeshed by parameterization-based methods (Fuhrmann, et al., 2010) . (Chen, et al. 2012) . (f) The result from the local parameterization-based method (Fuhrmann, et al. 2010) .
During remeshing, the features of the mesh can be preserved by fixing the corner vertices and only moving the feature vertices along the feature curves which are simply detected by each edge's dihedral angle. The remeshed result of the Fandisk mesh is shown in Fig. 8(b) , which demonstrates our method is able to generate high-quality result with feature preserved.
To see the convergence behavior of out method, we plot graphs of the energy value in each iteration in Fig. 8(c) , which demonstrates robustness of our method as no increasing energy during remeshing process. In Fig. 8(d) , (e), and (f), the remeshed results from our method, the Constrained Centroidal Delaunay Mesh (CCDM) based method (Chen, et al., 2012) and the local parameterization based method (Fuhrmann, et al., 2010) are given by locally magnifying at feature parts. Our method aims to minimize the deformation between each triangle and its closest equilateral triangle. Thus, even if the triangle lies at feature lines, these constraints do not affect it is transformed to be as equilateral as possible. While in Fig. 8 (e) and (f), they relocate the centroids of their respective 1-ring neighbor patch, the incomplete 1-ring neighbor patches of the boundary may result in some skinny triangles. The statistics of these results are given in Table 1 . As shown in Fig. 9 , an adaptive surface remeshing of the Planck model with some small features such as eye, ear and nose parts. As can be seen the result in Fig. 9(b) , these features of the model are represented accurately by the triangles with different size.
The statistics and comparison of the experimental results are presented in Table 1 , which includes the quality of the triangle, the angle and the approximation error. There criterion are all most commonly used in the remeshing literature. The triangle's quality which is the criteria presented in (Frey, et al., 1997) is measured by = 6 √3 ℎ , where, for triangle t, is the area, is the in-radius and ℎ is the longest edge length. and are the minimal and average triangle quality respectively. The angle criterion ∠Min describes the smallest angle of the minimal angles of all triangles and ∠Ave describes the average of minimal angles of all triangles. <30° is the percentage of angles smaller than 30°. The error describes the Hausdorff distance between the original model and the remeshed model with respect to the bounding box diagonal. The number of vertices is also listed below the model name.
In Table 1 , the results show our approach generates well-shaped triangles by the average minimal angle ∠ ≈ 52° and the average triangle quality ≈ 0.9. In Fig. 10 , the Pig and Foot model have multiple boundaries. In Fig. 11 , we use the same Rockerarm model to generate uniform mesh and adaptive mesh. The statics of these results are given in Table 2 . In the experiments, our method focuses on remeshing dense meshes (the number of vertices > 5k) which are obtained by the initiation process. The results have higher quality. However, it is not suitable for the coarse meshes like Fig. 8(a) . It is likely due to the low number of vertices. This leaves even less room for adjusting vertex valence and position since it is globally constrained by Euler's formula (Payan, et al., 2014) . Our method could not help to improve the quality for the base mesh of semi-regular mesh. Fortunately, many applications need high-quality dense meshes.
Conclusions
For isotropic surface remeshing, we propose a two-step iterative algorithm which alternates connectivity optimization and AEAP manner, which could obtain optimal vertex's positions and less number of irregular vertices and result in high quality mesh. The AEAP manner is formulated as a quadratic optimization problem, which is easily and efficiently solved by a sparse linear system. Experiment results show that our approach is simple, robust, and is able to generate high-quality meshes. We show the minimal angle difficult to converge to an optimal value in the example of algorithm. In the future, we will add the minimal angle into the remeshing energy, because a single minimal angle can render a problem intractable in the extreme. We apply flip-edge operation to reduce the irregular vertex's number as small as possible, but it still lacks the control of their locations, which restricts our approach to unstructured isotropic remeshing methods. Thus, we hope to extend our approach to semi-regular remeshing by adding the irregular vertex's control.
